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Abstract. Diagonal matrix elements of pseudodifferential operators are needed in order to compute effective
Lagrangians and currents. For this purpose the method of symbols is often used, which however lacks mani-
fest covariance. In this work the method of covariant symbols, introduced by Pletnev and Banin, is extended
to curved space-time with arbitrary gauge and coordinate connections. For the Riemannian connection we
compute the covariant symbols corresponding to external fields, the covariant derivative and the Laplacian,
to fourth order in a covariant derivative expansion. This allows one to obtain the covariant symbol of gen-
eral operators to the same order. The procedure is illustrated by computing the diagonal matrix element of
a nontrivial operator to second order. Applications of the method are discussed.
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1 Introduction

As is known, the functional integral formulation of quan-
tum field theory depends on the computation of the par-
tition functional. To one loop this amounts to adding the
quadratic fluctuations above a classical solution. Typically

Zrto0p = / Dy(z) e~ WK1 (1)

where the quantum fluctuations are controlled by the dif-
ferential operator K. This operator may depend on all
kinds of external fields, and typically it will contain the
covariant derivative V,, (with all kinds of connections) as
well as other background fields, M (z), i.e. K = K(V, M).
Formally, the Gaussian integral gives the functional deter-
minant Det(K) raised to some power, which depends on
the type of fields (real or complex, bosonic or fermionic).
Thus, for the effective action,

Z=eT

; (2)
one formally obtains

I joop = cTrlog(K) = c/ddm\/g tr <m| log(K)|m> . (3)

This brings in a pseudodifferential operator, namely,

log(K ), and its kernel at coincident points. Unfortunately,
the logarithm does not define an ultraviolet convergent (or
even one-valued) operator for any physical space-time di-

mension, correspondingly the kernel of log(K') diverges at
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coincident points, as also does its trace. If the (-function
regularization is used [1-4], this introduces a new pseudo-
differential operator, the complex power of the fluctuation
operator, (K)* [5]. Its kernel (z|(K)%|y) is an analytic en-
tire function with respect to s provided the points x and y
are different. The diagonal matrix elements (z|(K)®|x) are
meromorphic functions of s, with a finite number of poles,
which depend on the order of K and the space-time dimen-
sion, but they are analytic at s = 0. The computation of
other observables introduces further pseudodifferential op-
erators f = f(V, M) and their diagonal matrix elements.
For instance, for a gauge current

5= [ da gl (@64, (0), (1)

with fluctuation operator of the Klein—Gordon type,
K =-V,V#+ M, at one loop one formally obtains

Hioop@) = —¢ (el {V4(B) "} 1z), ()

and again some regularization procedure has to be used to
render the expression meaningful.

The main purpose of this work is of practical and
methodological character, namely, to address the compu-
tation of diagonal matrix elements of operators of the type
f=f(V,M). As we have just shown such problem is ubiq-
uitous in one-loop calculations in quantum field theory.
A more concrete goal is to extend methods existing for flat
space-time to curved space-time, the covariant derivative
carrying gauge and coordinate connections.

A useful technique when working with pseudodifferen-
tial operators is the method of symbols [4-7]. For an oper-
ator f constructed with «* and d,, the symbol is essentially



832

the function f(z, p) such that f =: f(x, d):, where the nor-
mal order stands for writing d,, at the right of z#. Obvi-
ously the symbol is closely related to the Wigner represen-
tation of operators [8] which is the basis of the phase space
approach to quantum mechanics [9], except that Weyl nor-
mal order [10] is used instead, so that : f (z, 9): is hermitian.
As will be shown below, the symbol allows one to carry
out manipulations, typically expansions of various types,
and directly or indirectly it has been used extensively in
the computation of the one-loop effective action and re-
lated quantities, such as the heat kernel [11-16], both in
flat space-time [7,17-19] and in curved space-time [20—31].
The mathematical aspects of the symbol in Riemannian
manifolds have been considered e.g. in [32]. The exten-
sion of the method of symbols to finite temperature field
theory (in the imaginary time formalism where space is
compactified to a circle) has been carried out in [33-36].
A further branch of mathematical physics where nowadays
the symbol and the Moyal product [37] (which provides the
symbol of the product of two operators) have proven use-
ful is in non-commutative quantum field theory [38—40],
where they play an important role in the construction of
non-commutative versions of existing theories.

In general, the symbol is not a covariant quantity (ei-
ther in the gauge or coordinate senses) since the prescrip-
tion 0, — p,, is not covariant. Obviously, a naive covariant
prescription of the type V,, — p,, would not define a faith-
ful representation of the pseudodifferential operator be-
cause, unlike p,,, V,, is a non-Abelian quantity. When the
symbol is used to compute a covariant quantity, such as
the effective action, covariance is recovered at the end of
the computation, but is not fully manifest in intermediate
steps. Actually the situation is not as bad as it seems (ex-
amples are given below) and it is usually not necessary to
go to the point of splitting V,, into d,, plus connections
(thus spoiling the geometrical meaning of the covariant
derivative, a quite bold step to take even in the simplest
computations, particularly in the coordinate sector), but
nevertheless, it is a more or less severe nuisance. A pos-
sible way out is to use “covariant gauges”, namely, Fock—
Schwinger [11,41] in the gauge sector and Riemann normal
coordinates [42—44] in the coordinate sector [26]. In [45]
Pletnev and Banin proposed a new method for the gauge
sector in flat space-time which implements the previous
gauge fixing in a convenient way. In the present work we
name their construction covariant symbol of the pseudodif-
ferential operator. Whereas the ordinary symbol is a func-
tion of z* and p,,, the covariant symbol is actually an oper-
ator, but multiplicative in z-space, and hence equivalent to
a function of z#. Unlike the ordinary symbol, however, the
covariant symbol is non-multiplicative with respect to p,,
that is, it contains 0/0p,,. Eliminating V,, at the price of
introducing 0/9p,, is in principle a net gain, though, since
one is trading a non-Abelian quantity for an Abelian one.
Besides being manifestly gauge covariant, the covariant
symbol has the interesting property that it is a representa-
tion (in the technical sense of algebra homomorphism) of
the original operator. E.g., if f is the covariant symbol f,
log(f) is the covariant symbol of log(f ). No Moyal product
is required to compute the covariant symbol of the product
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of two operators. Unfortunately there are also drawbacks:
in general, the covariant symbol cannot be computed in
closed form even for differential operators and thus expan-
sions of some type are usually required. In practice, this
is not a serious disadvantage since even the ordinary sym-
bol of non-differential operators is not obtainable in closed
form. In addition to manifest covariance, the great virtue
of the covariant symbol is that, due to their homomorph-
ism property, one needs to work them out for the building
blocks only, that is, the external fields M and the covari-
ant derivative V,, and this can be done once and for all. At
present, the method of covariant symbols has been success-
fully used in several problems [45—49].

In this work we take a step forward and extend the
method of covariant symbols to the case of curved space-
time.! The main issue now is to retain manifest coordinate
covariance, in addition to gauge covariance. In fact, we find
that working with the full covariant derivative as a whole
(i-e., all connections included), as advocated for instance
in [16], is the cleanest way to proceed both conceptually
and computationally. To some extent the construction car-
ried out in the flat space-time case can be adapted to the
curved case. However, as is known, there are important
technical differences between gauge and coordinate cases.
All differences stem from the fact that the covariant deriva-
tive always adds a new coordinate index, and thus a quan-
tity X and its covariant derivative X, = VX fall in differ-
ent representations of the group of diffeomorphisms. This
implies, for instance, that V, acting on X, will contain
a further term I u/\u not present in its action on X. This is

not so in the purely gauge case. When these facts are prop-
erly taken into account, and with the help of Riemann nor-
mal coordinates in an intermediate step, the construction
in [45] can be extended to the general case (i.e., coordinate
plus gauge symmetries). The construction holds for com-
pletely general connections in the world sector? (including
e.g. torsion).

As we said, the covariant symbol can seldom be ob-
tained in closed form. A natural expansion in this con-
text is that in the number of covariant derivatives (also
known as adiabatic expansion), which permits a system-
atic evaluation of the covariant symbol. For an operator
f=7(V,M) it is sufficient to compute the covariant sym-
bols of V,, and M. We do this explicitly to second order for
a generic connection, and to fourth order for the particular
case of the Riemannian connection in the world sector (and
arbitrary connection in the gauge sector). The Laplacian
is computed to the same order in the derivative expan-
sion. The computation provides the covariant symbols in
terms of elementary operators classified by their number

! In their original work [45] Pletnev and Banin proposed
a formula including the Riemannian connection, which, how-
ever, has not yet been used in any actual application known to
us. Our own proposal is unrelated to that one.

2 In this work we will use the label world interchangeably
with coordinate or space-time in expressions like “world ten-
sor”, “world index”, etc, to refer to properties tied to indices
W, v, ..., associated to natural bases, 9/9z", of the tangent
space of the space-time manifold.
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of derivatives. Such operators are just all possible local co-
variant operators constructed with M, the field strength
tensor and their covariant derivatives. There is a number
of similarities between the covariant derivative expansion
and the standard heat kernel expansion. Both are expected
to be asymptotic at best. They are local and blind to
global properties of the space-time manifold. In both cases
all possible local covariant operators are expected to ap-
pear with some universal coefficients which are rational
numbers (to be determined by the computation). In the
standard heat kernel expansion the operators are classified
by their (mass) dimension. Because V,, has dimension 1,
the heat kernel expansion can be obtained a posteriori by
means of a subsequent reexpansion of the covariant deriva-
tive expansion [19].

The paper is organized as follows. In Sect. 2 we consider
flat space-time and revise the construction of ordinary and
covariant symbols in that case, as well as their use for the
computation of diagonal matrix elements. In Sect. 3 we dis-
cuss the construction of ordinary symbols in curved space-
time, highlighting the subtleties introduced by the pres-
ence of curvature. In Sect. 4 we extend covariant symbols
to curved space-time, discuss their properties and compute
them to second order in the derivative expansion for a gen-
eral gauge and world connection. Section 5 is devoted to set
up a systematic computation of the covariant symbols, and
they are computed to fourth order for Riemannian con-
nection. In Sect. 6 we illustrate the ideas and techniques
involved by using the covariant symbols to explicitly com-
pute the diagonal matrix elements of a concrete operator to
second order. Finally, in Sect. 7 we present our conclusions.
In Appendix A we summarize some of the conventions used
in the work. In Appendix B we work out the same cal-
culation as in Sect. 6 but using the method of (ordinary)
symbols. In Appendix C it is shown how to reduce momen-
tum integrations in curved space-time to those of the flat
case.

2 Symbols and covariant symbols
in flat space-time

In this section we consider a d-dimensional flat space-time.
The operators act on states 1(z) which can be thought
of as “matter fields”, as opposed to background exter-
nal fields appearing in the operators. In addition to their
space-time dependence, the matter fields may carry in-
ternal indices (however, for simplicity, we disregard pos-
sible world indices in the fields throughout this section).
For concreteness, in what follows, we will assume that the
states are vectors in the fundamental representation of
some internal symmetry gauge group, and that the oper-
ators map them into the same gauge representation. The
scalar product takes the form (1 [12) = [ d% I (2)1s ().

The pseudodifferential operators to be considered are of
the form f = f(D, M). They are constructed algebraically®

3 This means that f has the same algebraic properties as
a sum of products of M’s and D’s weighted with c-number co-
efficients, e.g., Dy, log(D? + M).
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out of the covariant derivative D, and one or more mul-
tiplicative operators which are collectively denoted by M.
Such M are just equivalent to matrix-valued (in internal
space) functions of z acting as M (z)y(z). The covariant
derivative is of the form D, =9, + A, (), the gauge con-
nection A, (z) being also a matrix-valued function.

Under a gauge transformation v (z) — 2, (z)y(x),
where (2, is a multiplicative operator and (2;(z) a matrix
in the internal space. Correspondingly M, D,, and f trans-
form under a similarity transformation

M — 02, ' M8,
D, — 2.'D, 82, (6)
Ay = 2, [0, 2]+ 02,1 A2

fo0.f 0.

(The last equality being a consequence of the fact that f is
algebraically a function of M and D,,.)

We can consider a basis of states of the form |z,a)
with spatial part equal to a Dirac delta located at x and
a being a gauge index, and the corresponding dual basis,
(z,aly,b) = 6(x —y)df . In what follows we will refer to
diagonal matrix elements of an operator f to mean those
matrix elements of the type (z,al|f|z,b) (a and b not nec-
essarily equal). For convenience, we will occasionally write
the same matrix element omitting the internal indices, i.e.
(x| f|z), and using a matrix notation in internal space. The
diagonal matrix element is gauge covariant,

(@l flz) = 2} (2) (| f|2) 24 (), (7)

due to 24|z) = 24(x)|x). Of course, this is somewhat for-
mal as (z|f|z) does not exist for many otherwise decent
operators due to ultraviolet divergences in taking the diag-
onal limit. Throughout this work we will assume that the
function f is sufficiently convergent so that the matrix
element exists, or that a gauge invariant prescription, such
as dimensional renormalization or (-function regulariza-
tion has been used. Such a prescription always exists for
symmetries as gauge invariance, which correspond to sim-
ilarity transformations of f.

2.1 Symbol of an operator

In order to compute (| f |z), a standard technique is the
method of symbols [4]. Let |0) denote the wavefunction
equal to one for all x, that is

(2,a0,8) =08, |0,a) = / dlalz.a).  (8)
Then, for a given point x,

(0] f(D, M) o) = / dy 8(y — o) (ol £ (D, M)]y)

d
= [ty g B a2l
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= [y,
/ oyt B0l F(D A )
_/ (d];

In the second line py := p,y*. Throughout this work?* we
will use an imaginary momentum variable pu 1pu (pﬂ
real) to save unnecessary i factors; however, dip:= dip is
the standard integration in R?. In the thlrd line x* is the
position operator. In the fourth line we use the identity (8).
Finally, in the last line we use the properties

Y (wole P f(D, M)e y)

(zo| f(D+p, M)|0). (9)

e PPM(x)e’* =M(z), e P70,eP"=0,+p,. (10)

The quantity (z|f(D + p, M)|0) is known as the symbol
of the pseudodifferential operator f. It is a matrix-valued
function of x and p. For any multiplicative operator, the

property

(xo|h(x)|0) = h(zo) (11)
implies that the symbol of the operator M is just the func-
tion M (x). More generally, because 9,,|0) = 0, the symbol
of f(D, M) can be obtained by dragging the 0, to the right
and replacing them by p,,.

The matrix element (z|f(D, M)|x) is potentially ultra-
violet divergent. Using (9) the divergence is now controlled
by the momentum integration and one can make expan-
sions or other manipulations using the symbol of the op-
erator. On the other hand, (z|f(D,M)|x) is manifestly
gauge covariant (cf. (7)) but the symbol is not, in gen-
eral, due to the non-covariance of |0). This implies that
explicit gauge covariance in (9) is only recovered after mo-
mentum integration, but not in intermediate steps. Since
this is an important point let us dwell a bit on it. Clearly,
if an operator his both covariant and multiplicative, the
matrix element (z|h|0) will also be covariant. For in-
stance, (x|D,|0) = A, (z) (not covariant) whereas the ma-
trix element (z| |0) of the multiplicative operator F),, :=
[Dy,D,] is just F,, (z) =0, A, — 0, A, +[A,, A] (covari-
ant). So the lack of covariance of the symbol stems from the
fact that the operator f(D +p, M) (although covariant) is
not multiplicative. On the other hand, let

d
Fri= [ g (D+9.00). (12)
so that (9) becomes
<iﬂo|f|$o> = <500|f/|0>~ (13)

4 Our notational conventions are summarized in Appendix A.
® Indeed, (x[|0) — (]2 1h9g\0> Qg (2)h(x) () =
le(m)<m\h|0)0g(az), since (25 Lhidg is also a multiplicative

operator.
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The operator f "is multiplicative (in addition to covariant).
This can be seen as follows. For any (imaginary) constant
c-number a,,

d
_axf/ aw:/ (Swl))df(D+p+a,M):f” (14)

and this implies that f’ is multiplicative. The operation
n (12) projects the multiplicative component of f. An-
other observation is that, as can be seen from (14), an op-
erator is multiplicative if and only if it is invariant under
the replacement D,, — D, +a,, where a, is constant c-
number, and in turn, this is true if and only if all D, appear
only in the form [D,,, |. Some of these arguments need to be
modified in the curved case (see e.g. the discussion of Z0,
in (26)).

A standard technique for using the symbol in the com-
putation of diagonal matrix elements of concrete opera-
tors (e.g. the heat kernel) is as follows: f(D+p, M) is ex-
panded in powers of D, and M. Each term so obtained
is worked out by dragging the D, to the right (or to the
left) producing commutators of the type [D,, ], which are
gauge covariant and multiplicative. At the end, there will
be two type of summands, namely, the followmg i) We
have those where all D, are inside commutators. These
are multiplicative and so give gauge covariant contribu-
tions to the symbol. ii) There are summands where the
D,, at the right cannot be arranged in commutators. These
are non-multiplicative and break gauge covariance of the
symbol. From the previous discussion it follows that such
terms cancel after momentum integration and the surviv-
ing terms yield a covariant diagonal matrix element.

The method just described is illustrated in Appendix B

for the more involved case of curved space-time.5

2.2 Covariant symbol

To achieve manifest gauge invariance prior to momentum
integration in (9), one can choose to work in the covari-
ant Fock—Schwinger gauge referred to the point zg. An
equivalent but more convenient procedure was devised by
Pletnev and Banin [45] who introduced what we will call
the (gauge) covariant symbol of an operator. This is defined
as follows:

f=e Do Pe foPredpD (15)
where 0,D = 0/'D,, and 9} = 9/0p,. (Note that J,D =
D0, just means the product of two operators; no derivative
of one on the other is implied.) Therefore, while the original
operator f acts on functions 1 (x), its covariant symbol f
is an operator on functions ¥ (z, p). Key properties of the
covariant symbol are i) it is a multiplicative operator in

6 To revert the calculation in Appendix B to the flat space-
time case amounts to replace V,, with Dy, g with d,., and
to set to zero all pyy... (having two or more indices) as well as
all Riemann tensors.
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space, ii) it is gauge covariant and iii) it is related to the
original operator by a similarity transformation.

PropertyAiii) is obvious from its definition. ii) is also
clear, since f, x#, p,, 9, and D, are all gauge covariant.
Property i) holds pr0v1ded the orlglnal operator f does not
contain p, and means that in the covariant symbol all 9
appear in commutators only. The multiplicative property
is equivalent to the statement [z#, f] = 0. That this is the
case can be verified directly from the definition. Alterna-
tively, using the property 3;; = z#, which is easily verified,
one has

[, 1] = |9 ] = |8, ] = 0. (16)
In the second equality we have used (iii). The multiplica-
tive property of the covariant symbol plays an important
role in what follows.

The covariant symbol can be used to compute the diag-
onal matrix element:

<m0|f|m0> :/ é:_?d <x0|e—mfepw|0>
] i i

dd
= @

The second equality follows from noting that 9/' at the
right vanishes (since it is acting on a p-independent wave-
function in (z,p) space). Likewise, 0} at the left vanishes
due to integration by parts.” In the last equality we have
used that the covariant symbol is multiplicative to write
f(z0) instead of the matrix element (xo|f]0).

As we can see from the properties i-iii), the mapping
f — f really defines a representation of the operators f in
z-space in terms of multiplicative operators (with respect
to ) in (z, p)-space, which is consistent with gauge covari-
ance. A further property is that the covariant symbol pre-
serves the hermiticity properties of the original operator.

Because the covariant symbol is a representation (i.e.
an algebra homomorphism) one has e.g.

(17)

f(D’M):f(D7M)7
F#'/:[Dl“DV]7
[DAHM] :[DWM]’ (18)

and so on. Using the definition (15), the basic operators D,,
and M can be readily computed in terms of a covariant

7 A more precise form of (17) would be

(alfle) = [ (

where |0p) stands for the unit wavefunction in p space. The
statement is then e%|0,) = |0,) and (0p|e %P = (0,|.

;Zfd (x| {p|£10) 10, ) = (x| (0p]£]0) [0p) ,
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derivative expansion [45]
M = ef[apDv ]M
1
=M- M#a;;+ Mvu 0,0 — . Maw, 0, 070l +
Dy=e %P 1(Dy +pA)
1 2
=Px— 21 p/\ a + Fuuz\ aua,u, auuA 8 81’8#
Hoe (19)

In writing these formulas we have denoted the derivatives
of M and F), by introducing the convention [D,,, X;] =
XpIa i.e.,

Dy Xa ) = Xpay-a (20)
As is readily verified, the expansions in (19) are consistent
with the last two equations in (18). (F, follows the same
formula as M since the latter only assumes M to be a mul-
tiplicative operator.)

As a further convention, we will exploit the fact that the
derivatives 0}' commute and so all their indices are sym-
metrized, to use a single symbol s for all of them, that is, we

will often write

s 1 s\2 1 s\3
M=M-M,+, Mss(a 2= g Mass ()4
1 3
-D)\:p)\_2 s)\a + Fss)\ (8 )2_4!Fsss)\ (65)3"’_

(21)

The use of covariant symbols to compute diagonal ma-
trix elements is illustrated in Sect. 6 for curved space-time.
Since it is easy to reduce that calculation to the simpler
case of flat space-time (see footnote 6) we do give further
examples here.

Note that the covariant symbol method is compatible
with derivative expansions (see [48,50] for strict deriva-
tive expansions of the effective action functional of Dirac
fermions using this method). Such expansions are expected
to be asymptotic in general.

Another comment has to do with momentum space
integration by parts. Formally, f(D+p, M) and f =
e~ %D f(D+p, M)e®P would differ by terms with 9, im-
plying that the difference should vanish on |0,) or (0,| (see
footnote 7). This formal argument is correct for sufficiently
well behaved operators in the ultraviolet, e.g. M, but not
for D, in (21) (see also V,V#(?) in (112)). Of course, it
is never necessary to take diagonal matrix elements of di-
vergent operators (without some regularization to make
them convergent). The homomorphism property implies
that D) provides the suitable momentum dependence to
give the correct result when used as part of an ultraviolet
convergent operator.

To summarize this section, the ordinary symbols are
representations of pseudodifferential operators in terms of
functions of z and p which are matrix-valued in internal
space and they are not gauge covariant. The representation
introduced by Pletnev and Banin in flat space-time, on the
other hand, is in terms of operators which are multiplica-
tive with respect to x and so equivalent to functions. In
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this sense they are similar to the ordinary symbols (which
also remain operators in internal space). They are covari-
ant and enjoy the homomorphism property, at the price
of being non-multiplicative in p space. Both ordinary and
covariant symbols provide diagonal matrix elements upon
integration over p.

3 Symbols in curved space-time

3.1 General considerations

The method of symbols can be extended to curved space-
time. The main issue now is to preserve both gauge covari-
ance and coordinate or world® covariance. The space-times
we consider may have Euclidean or Minkowskian signa-
tures. We will treat the two cases simultaneously since
there is no formal difference for our purposes. We will of-
ten refer to the Riemannian connection to mean the unique
torsionless metric preserving connection, regardless of the
signature of the metric. A

The pseudodifferential operator is now of the form f =
f(V, M) where V, is the covariant derivative and includes
connections for the parallel transport of all indices: world
and internal indices. The latter include gauge, Lorentz
frame, Dirac indices in the case of fermions, and so on.? In
what follows we use indifferently an “internal” or “gauge”
index to mean any kind of internal index. The matter fields
1(x) may contain internal indices as well as world indices.
Likewise, the external fields M may also contain all kind of
indices and act as multiplicative operators with respect to
x. The metric g, (x) is an example of such a field.

We do not assume that f(V,M) should be a world
scalar (cf. Sect. 6 for an example). As a consequence f may
connect different diffeomorphism representations. The rea-
son for this generality is that there is no net gain in re-
stricting oneself to the equal representation case. This is
because we need to consider covariant symbols not only of
the final operator f but also of V, as a building block and
V., always connects different tensor representations. This
is an important difference with the gauge case where one
can work consistently viewing all operators as matrices in
internal space.'® Of course, it would be pointless to try to

8 See footnote 2.

9 We are following the approach found for instance in [16]. In
this approach, if ef, is the tetrad field, the connections on the
indices p and a are such that Vyej, = 0; likewise for the Dirac
gammas V,v” =0, with a suitable connection acting on the
Dirac indices. This convention is not universally adopted. For
instance, in [51] Vye}; would only include the connection for the
world index while D,,eZ would only include the connection for
the tetrad index.

10 1n the gauge case (and flat space-time), if ¢ is a gauge vec-
tor Dy is again a gauge vector and so in a second derivative
Dy Dy, Dy would still be “the same operator” 0, + A, . In the
general covariant case (and gauge singlet), if ¢ is a world scalar,
V¢ =0u¢ is a world vector and V., “acts differently” on it,
namely, as V, = 8, — I, (I being a matrix on world indices
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erase the difference between gauge and coordinate cases
using a tetrad, e.g. D, = e#'V,, [52] since, although D, is
a world scalar, it connects now different internal represen-
tations (namely, with respect to the new internal structure
introduced by the Lorentz index a).

For states in equal representations the scalar product is

(1) = / A2/ g(z) ¥l (@)a(a)

g(x) denoting | det g, |- As usual the scalar product has
been defined so that it is coordinate invariant, although
metric dependent. (Note however that, as shown below,
the construction of the covariant symbols themselves do
not require a metric to be defined.) For states in differ-
ent representations the scalar product vanishes. An active
world (or coordinate, or diffeomorphism) transformation,
z# — x'#(z), defines a corresponding operator on states
¥ — 2,1, which takes the form

(22)

(@) > (20'0) (@) = v (¢ (2)) (23)
for a scalar,
Yule) = 00 (&) 29)

on covariant world vectors, and so on.

As in the flat case we will use a basis of the tensor prod-
uct type, with states |zg, a, w) located at zo (wavefunction
§(z—0)/+/g(x)), a being a gauge index and w a set of
world indices (empty for world scalar states), with dual
basis (z,a, w|y,b,w') = 626%,6(z —y)/+/g(z). The metric
in the space-time factor of the basis states is introduced
so that they are world scalars, and similarly for the scalar
product.

Once again we want to evaluate diagonal (in z) matrix
elements (x,a,w|f|z,b,w’). For short we will often write
just (z|f|x); however, one should keep in mind the pres-
ence of world and internal indices since they determine
how the covariant derivative acts. In particular, the opera-
tor f should connect the in representation (b,w") with the
out representation (a,w), so that (11| f|12) is a gauge and
world singlet.

As in the purely gauge case, we can regard the matrix
element (z|f(V,M)|z) as a (gauge and world) covariant
function of z which takes values on operators acting on in-
ternal and world indices. And in turn this can be viewed
as equivalent to a covariant multiplicative operator (iI} the
purely gauge case, such a multiplicative operator is f’ in-
troduced in (12)).

Because multiplicative operators play an important
role in what follows let us define them more precisely.
A c-number multiplicative operator, ¢, is one that acts in
the form

olz,a,w) = ¢(z)|z,a,w) (25)

(F]/)aﬁ = F,fia). The point is, of course, that due to its geomet-
rical meaning (through the Leibnitz rule), V,, acts consistently
at each place (i.e. using the proper connection), and there is no
need to worry about such details.
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¢(z) being a fixed complex function. Such an operator is a
gauge singlet and a world scalar. Now, by definition a mul-
tiplicative operator is one that commutes with all c-number
multiplicative operators. A multiplicative operator is diag-
onal in x but in general non-diagonal with respect to all
other degrees of freedom. In commutators, the c-number
multiplicative operators are blind to those degrees of free-
dom but sensible to derivatives with respect to x. Here we
can see a difference between the purely gauge case and the
general case (gauge plus world degrees of freedom). In the
flat case, [D,, D,| and [D,,, Q], with Q multiplicative, are
multiplicative operators, as is easily verified. This property
is lost when a world connection is included, i.e. for V. For
a generic world connection, the operator

Zgz/ = [vuv vl/] ) (26)
is not multiplicative, since acting on a world scalar and
gauge singlet state ¢(z), it gives !

V. Vo= T Vap=-T,20 % ()

TR g

being T, the torsion. (Equivalently, V., Vo], 9]

= —TWA [V, @], in terms of c-number multiplicative oper-
ators.) The result depends on derivatives of ¢ and so such
Zgl, is not a multiplicative operator in the presence of tor-
sion. A remedy is to introduce the new operator
Zy = [v#,vy]+; {V».T,)}, (28)
({,} denotes anticommutator) which is multiplicative, as
is readily verified. It coincides with Zgu for a torsionless
connection such as the Levi-Civita or Riemannian connec-
tion (in the world sector). Nevertheless, [V, Z,,] is again
non-multiplicative (even for the Riemannian connection).
In addition, at variance with F},,, of the flat case, Z,, will
not commute with the momentum p,, (to be introduced
subsequently, similar to the flat case). This is because Z,,,,
acts on world indices
[Z[LV7p>\] = _R;zl/a)\pa . (29)
(This formula holds for any world connection.) As noted
previously, the difference between D, and V, is due to the
fact that V,, acts on world indices but also adds world in-
dices.

Because there are several types of quantities to be con-
sidered, we will introduce the following notation: the more
general quantities or objects (such as operators, wavefunc-
tions, matrix elements, etc) to be considered in this section
belong to the class

C(z,V,Z,W,1,p). (30)

1 Our conventions are such that, for a world vector gauge
singlet V’\,
[V, Vu]VA= +R,, NV — T, VeV

Ruv =Ry, R:=R%.
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The presence of the label z indicates that the quantity in
question may depend on z*. Likewise, the label V denotes
that the object may be non-multiplicative in x space. Z
means that it may contain Z,,,, or other multiplicative op-
erators that act on world indices. W indicates that it may
contain world indices, I that they may contain internal (or
gauge, or bundle) indices. Finally, p means that it may de-
pend on p,,.
On the other hand, the class
C(w,V,Z,W,1,p), (31)
or simply C(V, I), will indicate quantities which are multi-
plicative in z space [do not contain “free” V| (denoted V)
and are gauge singlets [do not contain internal indices] (de-
noted I), and similarly for other underlined labels. Thus,
for instance, p,, is in class C(V, Z, I), the operators M in
f(V,M) arein class C(V, Z,p), and Z,,, is in class C(V, p)
(while Z9,, € C(p) for a world connection with torsion). c-
number multiplicative operators arein C(V, Z, I, W). Mul-
tiplicative operators are in C(V).

3.2 Diagonal matrix elements

To implement the method of symbols as for the flat case, we
proceed similarly to (9), starting with the diagonal matrix
element

<fL’0|f|(L’0> = \/g](-xo) /ddxlé(ml —-’L’o)
x (zo| f(V, M)|z1) v/g(1)

_ 1 dpr ddp eP(@1—20)
- \/g(:vo)/d ' (2m)
x (ol £(V, M)|z1) v/g(z1) .

The matrix element is independent of the coordinate sys-
tem, but the symbol is not. So we will pick a certain ref-
erence coordinate system (RCS) and denote its coordinates
by ¢4(x), A=1,...,d. These are d world scalar functions;
furthermore, we set to zero the connection associated to
the indices A (recall that V,, is defined acting on all in-
dices with the appropriate connection). We will reserve the
symbol z* to denote an arbitrary coordinate system. Then

(32)

aeA

A _
Vil = oxH

A
=:1;, (x). (33)
These are world vector. Let us also introduce the dual con-
travariant world vectors

ozt
ti(x) = 85‘4 ) (34)
such that
thth =05, tht) =0 (35)

Using in (32) the RCS, if &', £, and ¢(©)(z), denote, re-
spectively, the coordinates of the point zy and x1, and the
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determinant of the metric in the RCS, we find

<x0|f|xo> / & pA opa(&f—€o')

x <xo|f<v, M)|z) ¢g<£><x1> :

The momentum integration variables pa4 are d c-number
and space-time constant quantities, ps € C(z,V,Z, W,
I,p).

It is convenient to work in an arbitrary coordinate sys-
tem. To this end, let us define the world vector fields

(36)

Pu=1t,pa, XH=ther, (37)

The c-number function & = pa&# can also be written as
puX*, and moreover
Pu=V,P. (38)

We can write

a¢ Byl
<I0|f|1’0> \/g /ddxl (2:;1 epu(Xl —Xo)

<xo|f(V7M)|931> V(1)

Now, p,X* being a c-number multiplicative operator, we
can apply (25) to write
dpa

1
(ol Flao ) = NZGIES / A% (2m)d
x (xole™ pr(V,M)e”X|x1> V(z1).
(40)

(39)

Introducing now the space-time constant states |0, a, w),
which lie in the class C(z, V, Z, p),

(x,a,w|0,b,w') =638,

0,a,w) = /ddx\/g )|z, a,w)

(41)

yields

1 d’p - p
(plfle0) = &y [ (o (le™ ST, 200%10)

' /d ba (ol f(V+p,

= Vo) ] (2my o

(42)

where we have used the identity (understood as a product
of three operators)

eprVHer =V,+pu.

(43)

The quantity (zq|f(V +p, M)|0) is now the symbol of f
at xg. Again it is not gauge covariant, since under a local
gauge transformation, {25(z), |0) stops being space-time
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constant. For a similar reason, it is not world covariant
under {2, unless |0) is a world scalar. (However, as in
the gauge case, covariance is recovered for matrix elements
(xo| |0) of multiplicative operators.) In addition, the sym-
bol depends on the choice of RCS through p, and tﬁ' Dy
is the vector field which happens to take constant compo-
nents p4 in the RCS, and similarly X# has components £4
precisely in that coordinate system. Such RCS dependence
cancels after momentum integration, as (zo| f(V, M)|zo) is
gauge and coordinate covariant. As in the flat space-time
case (42) can also be written as

(ol £'10) ,

(wo| flzo) = (44)

with

>

(V+p, M) (45)

, 1 d%pa
= ¢g<£><x>/ 27

(9'®(x) being a c-number multiplicative operator here).
The operator f’ is multiplicative, formally independent
of the in and out state spaces, and gauge and world co-
variant. Furthermore, it is RCS independent; the RCS de-
pendence of the momentum integral through the vector
field ¢/ in p,, exactly cancels with the prefactor 1 /\/g®
(cf. Appendix C). As the scalar product itself, f’ is metric
dependent.

As in the flat case, we can work out f(V+p, M) by
dragging V,, to the right.'? A very important difference
with the flat case is that V, and p, no longer commute.
Their commutator is just the covariant derivative of p,,,

[vmpu] - [vll«’tl/] ba= t[_LVpA - tA [LI/ px (46)
(t;‘l, being the covariant derivative of ¢, according to our
convention). The same computation in the RCS system,
where p,, equals pa (and so 9;p, = 0), gives

(Vi) = =0 pa (47)
In an arbitrary coordinate system this becomes
[vmpu] = _P,u,)\upA ’ (48)

where P, A is the world tensor with components precisely
equal to F >‘ in the RCS. Hence,

A A LA
Pp.l/:_tAt,u,l/' (49)
As we mentioned before, another difference with the flat
case (and hence another complication) is that the construc-
tion [V, ] does not automatically produce multiplicative

operators. In any case, after moving the V to the right, in

12 And the rule 9;|0) = 0 still applies. However, as in the
purely gauge case, it is not practical to lose manifest covari-
ance. It is preferable to let the momentum integration to kill
non-multiplicative (and so non-covariant) contributions. See
Appendix B for an example.
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principle one will be able to manage to form multiplica-
tive combinations of nablas in some terms, plus terms in
which non-multiplicative combinations appear at the right.
The latter vanish upon momentum integration. Such in-
tegration will usually require one to put all p, together
at the left (recall that Z,, and py do not commute) ex-
cept those in the form p,p", appearing in propagators, etc.
Note that p,p* is not constant even in the RCS, because
pH(x) = g"¥(z)p,; however, it is a c-number multiplicative
operator, so it commutes with all multiplicative operators
(pup" fails to commute with non-multiplicative operators,
but those have been already been disposed of.) The key
point is that when only multiplicative operators appear,
the tensor P, and its covariant derivatives will be needed
only at the point x = xy. Upon momentum integration
these tensors will appear only through combinations which
are independent of the choice of the RCS, e.g.
VuP, % = VuB, 5= PP s+ PP g = R;waﬂ(' |
50

(For the momentum integration with z-dependent p,p*
see Appendix C.) In practice, the natural way to proceed
is to take as RCS the Riemann normal coordinates at
x = x from the beginning, since this choice provides mani-
festly covariant results for the tensor Plf‘l, and its covariant
derivatives.

In Appendix B we illustrate all previous points for the
operator (), in (113) and the Riemann connection. The
matrix elements of this operator are computed to second
order in a derivative expansion using the (ordinary) sym-
bols method.

4 Covariant symbols in curved space-time

As we have just sketched in the previous section, one can
work with the ordinary symbols for pseudodifferential op-
erators in curved space-time along the same lines as for
the flat case, although things are, in general, more involved
in the curve case and covariance is recovered only after
momentum integration. In this section we introduce the co-
variant symbols in the presence of curvature. They are fully
covariant representations in terms of operators which are
multiplicative with respect to x.

We will need derivatives with respect to the momenta
pa. These are denoted as 94:

0

o4 =
Opa

, O =th 04, (51)

The derivatives 0" are contravariant world vectors which
satisty

[0, py] =6l (52)
and, as a consequence of (48),
V., 0]=P) 0" (53)
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We should extend now our previous notation. The most
general objects belong to the class
C(x,V,Z,W,I,p,d), (54)
where the new label 9 indicates a possible dependence on
04.13 On the other hand the class, C(9) denotes quantities
which are multiplicative with respect to p4.
In the curved case we introduce a preliminary definition
of the covariant symbol of an operator f as

fi= e_5{v“’au}e_paxafepﬁXﬁeé{v”’ay} , f €C(p,0).
(55)

This definition, as well as the general properties to be dis-
cussed below, holds actually for any connection on the
world indices, although eventually we will restrict our-
selves to the Riemannian connection for simplicity. As
shown subsequently, the map f+~— f defines an
operator representation from C(z,V,Z,W,I,p,d) into
C(z,V,Z,W,I,p,d).

The definition depends on the choice of the (arbitrary)
RCS (in which the tensors p,, and 0* have constant com-
ponents). Eventually we will take the RCS as the Riemann
normal coordinate system, thereby obtaining fully covari-
ant expressions for the covariant symbol. Because V,, and
0" do not commute (cf. (53)), one can extend the con-
struction ePrd” corresponding to the flat case in several
different ways, among others, as eV#?" or €?Ve_ or even
as e2{Vi:9"} All of them are valid. The two former choices
give slightly simpler formulas, but the latter has the virtue
of preserving the hermiticity properties of the original op-
erator, e?X being unitary.

The use of the covariant symbol to compute the diag-
onal matrix element is fully analogous to its flat space-time
version

(r070) =y | o (70

_ 1 dpa
" V9©(a0) / (2m)

X <m0|e* > {V’a}e*prepxe%{v’a} |0>

1 /ddpA
\/g(f)(xo) (27T)d < | > (
In the second equality we have used
1 1z 1z 1 HoaA “ /\1 Iz
2{V,“8 }=V,0 _QPu 00 =0"V,+0 2Pﬂ Ao
(57)

and so the rules 94(0,) = (0,|0* = 0 can be exploited as in
the flat case (]0,) being the unit wavefunction in p space;
see footnote 7).

I3 From now on we use 0% to denote 3{,‘ since the non-
covariant operator 9}, = 8/0z" will appear rarely.
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Because the covariant symbol is multiplicative with re-
spect to x (to be shown subsequently), one could, loosely
speaking, replace (x| f|0) with f(x¢), interpreted as an op-
erator valued function at xg. In addition, in the absence
of derivatives, whether p, is constant or not is no longer
relevant, and one can formally integrate over p,, instead of

pa, the Jacobian implying the replacement of ¢(¢) (z¢) with
g(xo). We have

R d
o) |

In case of ambiguity the expression (56) should be used.
(See also Sect. 6 for further details.)
The properties of the covariant symbol are as follows.

(x0) . (58)

i) Itisarepresentation (an algebra homomorphism). This
follows from it being defined as a similarity transform-
ation. Actually, the definition in (55) is a similarity
transformation in an extended sense, since in general
the V,, in the formula will fall in different representa-
tions (different rank world tensors). In any case, when-
ever V, acts on a field, it selects, by convention, the ap-
propriate connections corresponding to the gauge and
world representation of the field, in such a way that the
homomorphism property holds, that is

AX+pY = AX +pY, XY XY. (59

ii) The covariant symbol is a multiplicative operator (with
respect to x), i.e., it falls in the class C(V), provided the
orlglnal operator does not act in p space, or more pre-
cisely f € C(p) (it may contain &*). This can be seen
as follows: the covariant symbol being multiplicative is
equivalent to

e N fe" = f  VascC(x,V,Z,W,I,p,d), (60)
where a X = a, X", with a, = tl’:‘aA, aa being an arbi-

trary constant c-number quantity. Then
efaXfeaX
1 a 1
_ efaXef 2 {V,a}eprfere 2 {V,a}eaX
_ e—;{v,a}e—aa

— o 31V:0}g—pX g0 fa0epX o3 {V,0}
=f,  fec).

In the second equality we use [V,,aX] = a, to move

e*X to the left, generating a factor e*?. Since a, 0" =
a AaA this factor is a constant c-number and commutes
with everything except p4. In the last equality we use f
not containing p 4.

iii) It is gauge and world covariant. This follows from using
a covariant coordinate system such as Riemann normal
coordinates at xy. Because the covariant symbol is mul-
tiplicative (all x derivatives have already been taken)
no quantities at points different from x( are needed.

_ _ a 1
e aXe goXfe]oXeaXeaae2 {Vv,0}

(61)

14 The symbols X and Y are used to represent arbitrary oper-
ators. In particular X is unrelated to the vector field X*.
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iv) It preserves the hermiticity properties of the original
operator. Assuming hermiticity rules in x space of the

type

AX +uY) =X XT v (XY) =YTXT,
(x“)T =tz (VH)T =—-Vy, (ZIW)T =—Zw,
(Ruuﬁa)T = +R,ul/ @ (TP«V)\)T = +T,U«V)\ ) (62)

etc., the hermitian character of an operator is shared by
its covariant symbol by adding the prescriptions

(Pu)' = —pu, (0" =+0" (63)

(recall that we are using a purely imaginary momentum
variable throughout).

Of course, in practice the calculations implied in the
definition of the covariant symbol cannot be carried out
explicitly in full, a statement that also holds for the ma-

trix element (x| f |x) itself. A suitable approach compatible
with its definition is to carry out a covariant derivative ex-
pansion of the symbol. In this counting each V, counts as
first order, the torsion T}, is also first order, R;w « 1s sec-
ond order and so on, and p,, and O count as zeroth order.
A systematic computation is presented in the next sec-
tion. By way of illustration we show here the covariant
symbol of M and V, to second order in the derivative
expansion for a general connection and general reference
coordinate system. The result is expressed in terms of the
tensors Py, yiy...u,"3, Which generalize that in (48) and (49):

[v/-q’ [VI-LQa Tty [vunapﬂ] - ]] = _PNIHQ"'Hnaﬁpa . (64)
This gives
1
M=M-— Mﬂal‘ + 2Mm,8“8"
1 A qu
+ 2M P00+ O (V3) ,
1
v +2Pa /-L{p)\78a}_4{2au,aa}
1 \ .
_4(Pa/3 H+P O'y,) {p)\va 86}+0(V3)
(65)
We have used the property P, — P, =T, " As we can

see, V, is multiplicative in x space.

We can particularize these formulas to the case of nor-
mal coordinates at zy as RCS, but with arbitrary con-
nection. Using the results of the next section (cf. (85)
and (88)), one obtains at zo'®

M= M~ M,0"+ ;M,Waﬂa” +O (V) (66)

1 1
Vy=pu+ 4Tau>\ {pr, 0%} — 4 {Zap, 0%}

1
( Rﬂa B8 6T0t,3[L + 24TH0¢ opB
+0(V?).

) o 020%)

15 We recall that only for multiplicative operators can one
meaningfully take x = xg.
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This result is manifestly covariant and all operators in-
volved are multiplicative with respect to x. The hermitian
properties are explicit as well. Also note that M and V,
are still operators with respect to the gauge and world in-
dices. For instance, Z,,,, acts on world indices yielding the
curvature tensor. It is also noteworthy that these formulas
are formally independent of the domain of the operators in-
volved. In particular, depending on the internal and world
representation of the states, Z,, will act in a way or an-
other. E.g., on a state which is gauge singlet and world
scalar |¢)

Zuw|$) =0, (67)

yet

Z,uupk|¢> = [Z;w,pk]|¢> +p)\Z,u,V|¢> = _R,u,uUA po’|¢> .
(68)

When working with operators in C(Z), like Z,,,,, one should
be aware of seemingly paradoxical results. For example, for
the same state |¢) as before, and for By a gauge singlet
field,

0= (0|2 Bal§) = = (4| R, x Bo|d)

(using (| Z,,, = Z,,,|¢) = 0). Indeed the result is zero, since
the state R, B;|¢) is a rank three tensor and cannot

(69)

connect with the scalar state |¢). There is also no contra-
diction if one uses instead the operator Z,, B*C" (again
BH, C" gauge singlets) which is a scalar (and the previous
argument would not apply), since in this case the operator
[Z,, B*C"] itself vanishes.

A preliminary definition of the covariant symbol was
given in (55). As final definition we take (55) but using as
RCS the Riemann normal coordinates associated to the
given connection (these coordinates are defined for any
connection), at each point z. That is, we use a different
RCS at each point. This is perfectly well defined, since the
operator is multiplicative and so equivalent to a function.
For the same reason, the algebra homomorphism property
is also not spoiled. There is an ambiguity in that normal
coordinates at x are unique modulo a rigid general linear
transformation. However, such an ambiguity does not re-
flect on the form of the covariant symbol when written in
terms of p,, and O*.

5 Computation of the covariant symbols

In this section we proceed to set up a systematic compu-
tation of the covariant symbols within a derivative expan-
sion. The expansion is taken to fourth order.

5.1 Arbitrary reference coordinate system
and arbitrary connection

Momentarily, we will work with an arbitrary RCS and ar-
bitrary connection. The quantities tl‘:‘, th, DA, Py, 04 and
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0" have already been defined and some of their properties
noted in previous sections. Here we only note the equiva-
lent definition
A A
th = [V, &7, (70)
where ¢4 is regarded as a c-number multiplicative op-

erator. Next we introduce the world scalar operator (in
C(W,I,p,0))

1
Vai=, {Vu,tht, (71)
which has the property
1
V= {Varty (72)

as is readily shown. For this and similar manipulations the
following lemma is useful
Lemma: If the set of operators A; satisfies

[Ai, AJ] = [[B, Ai], AJ] =0 for all i,j 5 (73)

then

1 1
Applying the lemma, (72) follows from the definition (71)
and the properties [t;‘,t’é] =[[V,, t2],t%] = 0. A crucial
property of V 4 is that [V 4, X] is multiplicative provided
X is multiplicative, as is easily shown. As noted before, this
property is not enjoyed by V,,: for this case, the stronger
assumption X € C(V, Z) is needed.!®

In the RCS p, X* = pa&* holds, and also ;{v#,aﬂ}
= V404 (using (71) and the fact that 04 commutes with
V,, and t!;). Therefore, we can reexpress the definition (55)
of the covariant symbol in the form

f= e—aAVAe—PBEBfePCECeaDVD ) (75)

The commutation properties of the quantities €4, V 4,

pa and 04 are as follows:

[€4,¢8] = [¢4,pB] = [¢*,08] = [Va,pB] = [Va,0"]
= [pa,pp] = [04,0%] =0,

[vAagB] :557 [3A,p3] 253, [VA,VB] ::ZAB.
(76)

We have introduced the operator Z 4 5. Recursively we find

ZAy Ay = [vAl’ ZA2'~~An] )

[Zaynn, €8] =1Zay 2, PB) = [Z41.a,,0"] =0.
(77)

16 1f ¢ is a c-number multiplicative operator and X is merely
multiplicative, [[V 4, X],¢] = [[V4,¢], X] =0 since [V 4, )] is
again a c-number multiplicative operator; however, [V, ¢] is
not (it contains a world index).
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In particular, note that the operators Zy4,...4,, are multi-
plicative since they commute with £4.

The important observation is that the commutation re-
lations of €4, V4, pa and 94 are identical to those of the
flat case, as is also the definition of the covariant symbol
in terms of these operators, (75). This immediately implies
that the analogous of (21) hold

1

1
M=M—Mgsd°+ _ Mgs (0%)? 3

2!
MeC(V,Z,p,0)

Msss (@) 4-- -,

1 2 3
Va=pa— o1 Zsa 0%+ 31 Zssa (0°) — Al Zsssa (0°)°

oo (78)

with Ma =[Va, M|, Map =[Va,[Vg, M]],and so on, and
S standing for contracted symmetrized indices of the type
A, B, ..., (cf. Appendix A). (Actually, the equation for M
holds too for M € C(V,p,d).)

Unfortunately, this simple result is not sufficient. We
need V,, instead of V 4, and quantities formed with M and
V, instead of V4 and Z4, 4,.... 4,

5.2 Riemann normal coordinates
and arbitrary connection

Let us consider first M. Since M € C(Z), M commutes
with ¢ and tﬁ and their derivatives. Hence, we find

My =M, ti ,
Map =M, thts+M,t; gt (79)
and so on. As before, we use the notation
A _ A A _ A
tu1~~~unA - [vM’tuz...unA] ’ tu1~~~un>\ - [vM’tuzmunA] :
(80)

The derivatives of the type tﬁl... unA Can be expressed in
terms of 3 and tfl...unA using the relations (35), e.g.

nA=—tp th tfx . (81)
This gives for the term with two derivatives in M
Mss = (Mgs+ Myt t3) t5 15 . (82)

To proceed further we make a choice of RCS (for given
base point zg), namely, we choose the usual Riemann nor-
mal coordinates at xy. These are the coordinates such that
the curves ¢4(t) = tv” are geodesics passing through o,
the geodesics being the straightest lines with respect to
the given connection. A practical equivalent definition is to
take the coordinates £4 so that

A _
tSS...S _0
S~~~ lzg
n

£4(xy) =0, for n>2. (83)

(This means that, for n > 2, the completely symmetrized

component of tﬁl... 4, vanishes.) In this form the normal
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coordinates system was used in a similar context in [53].
Given z( and tl‘:‘ at xg, the normal coordinates are locally
unique, since the tﬁ‘l___ un b Zo can be obtained recursively
in terms of the curvature and torsion tensors and their
derivatives, using the definition above. For instance,

th, =V, Vet =t —T M3, (84)

and using (83) (i.e., t4, is purely antisymmetric at x)

s Yuv
A Lx,a

t;w:_2TW 5, at zg . (85)

Likewise, starting from
tﬁm -+ five permutations =0, at xo , (86)

and using the identity
A A A LA AL A

tapy = thay — Rapy tx —Tap thy (87)

(plus derivatives of (84)) to bring the five permutations

to coincide with the first ordering, gives tl‘:‘m at xg. This
yields
1 1 1
A A A A
tapy = (_ 3Raﬁ vt 3R'va B~ 2Taﬂ'v
1 1 1. .
+ 6TB'YOt>\ - 6T'Yaﬁ)\ - 4Tﬁ7 To‘oc)\
1 1
— o T’ v + 12Ta5"Tm*)tf, at zg .
(88)

The same technique applies for computing any higher
derivative of €4 at z.

Let us come back now to the evaluation of Mgg. Clearly
for normal coordinates (but arbitrary connection), (82) re-
duces to Mgs = M,t&te at the origin. In fact a similar
reduction happens to all orders, that is,*”

MS...S = Ms...s tSS t 't:qs’a

at o . (89)
In summary, the covariant symbol of M, to all orders
in the derivative expansion, is given by an expression fully

analogous to that of the purely gauge case, namely,

1
Msss (88)3 4 )

s 1 s\2
M =M =M+ 5 Mis (9°) —
(90)

Mec(v7 Z7p78)7

I7 This can be seen recursively as follows. Mg ¢ contains
a first term M. s t& - - - t& plus other terms containing a factor
té,, s (with two or more s). Now, in the present case (namely,
M eC(V,Z,p,0) but not, e.g., for Z,v), each new Vg is
equivalent to t$Vs. If Vs acts on a factor ¢& in the first term,
the formula

tls = —tA tS 5y

applies and this vanishes at xq. Likewise, if Vs acts on the other
terms, there will always remain a tf___s factor with two or more
s. So the only surviving piece at zg is that obtained by Vg
acting on Ms...s. This yields (89). See footnote 20 for an alter-
native proof.
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where s are symmetrized world indices. Note that, un-
like (78), this expression does not apply for arbitrary oper-
atorsin C(V,p, 0) such as Z,,, .

Next, we need to introduce world-index counterparts
of Za,..a,. As discussed in Sect.3, the objects [V,
[+, Vu,] -] are not in general multiplicative operators.
Instead, we recursively define

1
Z,u,z/ = [v;mvu] + 9 {VA,T;LV/\} ’

1
Za,u,u = [vay Z,u,u] - 9 {v/\a R;w)\oz} )

Z

Qapi-pin

1
= [vwzﬂl'“un] - 2 {v>\7R#1"'#n>\0¢} ’ (91)

(with R, & 5:=V,R 5, etc.). These operators are multi-

plicative, and indeed for a gauge singlet V7 they satisfy
[Z;un VU] = R;U/U)\ VA )
[Zoz;wa VU] = Ra,u,ua)\ VA )
Vecl(Vv,Zz,1),

[Zﬂl"'#n’va] :Rll'l"'ll‘no-A VA (92)

(and of course a similar action on each world index in the

case of tensors). In addition they are antihermitian. In

terms of these, one obtains the following relations at z:8

1

ZAB = 9 {ti t%,Zag}
1 1

Zapc = 9 {t% tg ten Zapu+ 4 {Zax, Toy™ }

1
~ {Zx, Top™} } )

(all at o),

(93)

We can proceed now to the evaluation of V,,. To do this
we use the relation

Ve, {Vati}, (94)

which follows from (72) and the homomorphism property
of the covariant symbols. The quantity t:j is easily obtained

18 Naturally, instead of (91), we could have adopted a defin-
ition of the type

/ 1.4 A,
Zﬂl"'ﬂn = 2 {tﬂlll o 'tu," ’ ZAlAw} ’

which has all the good properties, and in particular

1
— K Hn /
Zayon, = o {4t Zpon )

However, the relations similar to (92) become more compli-
cated. The definition adopted corresponds to Zau;..u, =

é{t£7 [VA7 ZH1~~~Hn]}'
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to second order using M =t} in (90) and the formulas (85)
and (88):

A A 1
t, =t} [53 + T 0°

1 1 1
+ <6RMS>\S - 37—‘5'3/)'A + 12T3HJT30’A> (88)2

+0 (V%) ] . (95)

On the other hand V 4 is obtained to second order from (78)

and the first equation in (93). In this way we reproduce the
result for V,, in (66).

5.3 Riemannian connection results

From now on we restrict ourselves to the Riemannian con-
nection, since the absence of torsion considerably simplifies
the expressions.

For the Riemannian connection one finds at x

A
th, =0,
1
to = 3 (R 0+ R)u0) at g . (96)

Some higher order results needed to obtain t:j are as
follows:

t4,=0,
th, = 3Rﬂskst§‘,
1
tfss,u, = 2Rsus)\s tf , (97)
A 3 A 7 o A | A
tssss,u, = 5R$s,us st 15R;zs sRas s tA 5 all at Zo .
With (90) this gives
tA_tA 5)\ lR A 852 lR A 683
A “+6 s 8( ) _12 SpS s( )
1 7
" <4OR““$AS + 3603#303}3033) (85)4+0<v5)} '
(98)

In addition, for the Riemannian connection one has the
Bianchi identities

0= Zal---anm#zu?, + Zal---anuzm,m + Zal---ocnu?,muz )

and the following relations (which hold at x):

1
Zap =, {t3th Zas } |

1
ZABC = 9 {ti tg té,Zagﬂ} , (all at Io)

(100)
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1 1
ZABCD = 9 {t% tg tlé tVD7 Za,@;w + 6 {Z)\;m RA va +R)\l/ﬁa}

1
6 {ZAV’R)\BW"_RA#BOL} }

Combining all the previous relations and (94) we can
now write down the expression for V,, which we have com-
puted to four derivatives

V=V,2+v,H+v,0+v,04+v,®1+0V").
(101)
The result is as follows:

vu(o) =Pu>
v, =0,

1 1
Vi® = = {20 @} + [ {12000, (7))
1 1
V,u(3) = 6 {ZSS#’ (85)2} Y {[ZSS;HPSL (85)3} ’
1 s 1 s
vu(4) 16 {Zsssm (9 )3} + 80 {[Zssswps]’ (@ )4}

+ 418 {Zox, [Zo, 01(0°)%}

7
- 720 {[Zskaps]a [ZS[LaaA](as)g‘} . (102)
The result has been written in a manifestly antihermitian
form. Although the Riemann tensor does not appear, these
formulas hold only for the Riemann connection. The for-
mulas have been verified in various ways. In particular, for
M eC(V,Z,p,0) one can apply the expansion (90) to M
and also to M, = [V, M] since it falls in the same class.
Then one can check that the formulas preserve the homo-
morphism property, in the form

M=V, M]. (103)

Another check comes from computing the covariant
symbol of Z,,,, (for which (90) does not apply). A direct
computation to four derivatives gives

1 1
Zow = Zy — 0 {Z, 0°} + A {Zss, (0°)?} +0O (V).
(104)
As we have verified, this expression satisfies
Zyuw=[Vu, Vo] . (105)

These checks would serve to determine some of the coeffi-
cients in the expression of V,, but not all.

Another operator of great interest in applications is the
Laplacian,

A=g"V,V,. (106)
Since [V, guw] = 0, an application of (90) gives
9y = G - (107)
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(Also clear from the definition (55) since g,, commutes
with all operators there.) Therefore we can use our previ-
ous results to obtain the covariant symbol of the Laplacian,
by means of

A=g""V,V,. (108)
This yields an expansion of A to four derivatives,
A=A0 L AD L A@ L ABG) L A +0(V?),
(109)
with
A0) — pupt,
AW =9,

1 1
AR = 9 {Zsp, "0°t + 3 ([Zs, "], 0%
1 s
+ 6 {[Zslmps]pﬂv (8 )2} ’

1 S 2 S
A® = Zuw (9 02}~ [29,0°]

1
12 {[Zss#,ps]p”, (88)3} ’
1
AW = — | A 2", (0°)})
1

+ 40 {[Zsssmps]p“, (38)4}

- 2 120000+ 2020 00

¥y (ZaodlIZ2 9], 0°))

+ 610 (Z",,0°] [Z,8,0"]

+ 425 (2~,,0°] (Z.8,0%] + 425 [z~,,0°] [2,%,08)
o B 010+ [, 0] 0°

- o [0 (110)

Once again the result has been written in an explicit her-
mitian form. It is noteworthy that in all terms the metric
has been used once to raise one index (as in the Laplacian
itself), except in the second term with coefficient 2/45 in
A® | in which the metric is used thrice. This is because
specific properties of the Riemann connection have been
used in simplifying the formula. (The metric has to appear
an odd number of times since the Laplacian is odd under
9uv — —guw Whereas the connection itself is even.)

The previous formulas can also be brought to a more
systematic or “standard” form. We define such a standard
form by the requirement that the quantities R, Z, p and
0 appear in the expressions in this very order (i.e., the 9
occupy the rightmost position, then the p, and so on.) Of
course, in standard form hermiticity is no longer manifest.
For the covariant symbol of the covariant derivative, we
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obtain

v, = 1Z#s(93+ ¢ Rus 0"+ Rus «Pa(0°)?,

v,0 :;Zw(aS) 4 R s (0~ | Ros(0°)?
-1 B 1"

v#<4>=—;zsssu<as>3  Fus® s Zas (0°)°
+20Rssw<65> fORW (@)

2ORMRM%(38)3+ goRa,ﬁs Rps%s(0°)3

+ 410Rssus°‘spa(8s)4 + SZORMS"‘S R’ spp(0°)*.

(111)

In the same way, for the covariant symbol of the Laplacian,

A?) = 6R+Z spaas—; spaas—l—SR s spapg(a )2,
AB) = ;)Za ,0° — Rs o°
3Zsmp (0°)2 + 172350417”‘(35)2
+ R spﬁm SR paps(@),
AW = 2‘9’012135(88)2 o 6as P.(0°) + i Z50s(0°)?
+12290R"‘Ras(88) + R" as(0°)?
- 13210 R4 (07) - 60Ra Raas(0°)°
+ izas Zos(8°)? — QIORSSM P (0°)°
o R0 00 | Zasa p"(0°)?
1123073 RosP s pp(0°)3 — 15Ra5 R, 3p,(0°)°
v Ras ! Zaaps (0 4 Rl L pans(0)'

+ Ra RWS Spoépg(as) (112)

In this alternative form the metric appears exactly once in
each term.

Equations (90), (111) and (112) are the main result of
this work. They extend the results of Pletnev and Banin
to curved space-time and can be used immediately to com-
pute diagonal matrix elements by means of (58). Obvious
applications are the computation of the heat kernel in the
non-minimal case within a strict covariant derivative ex-
pansion. Such a calculation has been carried out, both for
traced and untraced coefficients, and it will be presented
elsewhere. Another interesting application is to the compu-
tation of the effective action of fermions with chiral gauge
and curvature connections. This type of calculation has
been done in the flat space-time case within a covariant
derivative expansion for both the normal and abnormal
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parity components of the effective action in [48,50]. So it
would seem natural to extend such results to the case of
curved space-time.

6 Sample computation
using covariant symbols

For the purposes of illustration, in this section we apply
the method of covariant symbols to the computation of
the diagonal matrix element of a concrete operator. In Ap-
pendix B we carry out the analogous computation using
the method of symbols. As operator we take

1
m2—A

where m is a positive constant c-number. The operator
is defined on a d-dimensional Euclidean space-time. d is
kept arbitrary so that ultraviolet convergence of the matrix
element is assured in the sense of dimensional regulariza-
tion. Note that, through a standard functional transform,
the operator can be related to

» _ TA
Huw = Ve

Qu =V, v,, (113)

' (114)

which is well behaved in the ultraviolet (for positive 7).

The covariant derivative V, includes gauge and world
connections, the latter being the Riemannian connection.
We do not specify the gauge connection and also the space
of states is kept unspecified. In particular, the states may
have any tensorial structure. Also the operator itself is not
a world scalar.

We have chosen Q,, instead of (m?—A)~! or e
order to illustrate the method with an operator that can-
not be obtained as a variation of the heat kernel, for which
many results and alternative procedures are available.

Specifically, we will compute

Quu (@) = (2] Quv )

through second derivatives, i.e., neglecting terms with four
or more covariant derivatives. Because m? is a constant,
in this case the derivative expansion is equivalent to an
inverse mass expansion. The terms neglected introduce
a relative error O(1/m?).

Using the relation (56), we can write

Q;U/(-’L') = <Q;U/> y

where Q,,, is the covariant symbol of QAW, and we have
introduced the notation (X representing an arbitrary mul-
tiplicative quantity here)

TA in

(115)

(116)

(X) = (z|X[0), X ecC(V).

1 / a4 DA
\/g(f) ({L') (2’/T)

(117)

Using the homomorphism property of the covariant symbol

implies

Q) = <v,L mzl_AvV> . (118)
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Next we proceed to substitute the derivative expansion
expressions of V,, and A. A simplification occurs by noting
that V) differs from py only by terms with 7. As can be
seen in (111), V,,(™ for n > 1 has 97 at the right, or also at
the left since these quantities are antihermitian. Thus

(XVa)=(Xp), (VuX)=mX). (119)

This gives
-1
Quv(z) = <pu [m2 —pap” — A@)] pu> +0 (V)
1 1 anf
={ Pu N+ N 6R+ Za5—3Ra5 p 0

1
+ 5 Baxso p“p58A8“> N] pu> +0 (VY
(120)

where

1

= 121

p?i=—pap* > 0.

The momentum derivatives are easily computed using the
identities

[0%, N] = 2p*N?
(X0°Np,) = (X (2p°p,N*+5N))
(X0"0°Np,) = (X (2 (659" + 65p™ + g*’py) N?
+8p°p’p, N?)). (122)

(Of course, one can choose to apply 9* to the left, by
parts.) In addition we group together the p and the N using

PuZop = ZapDp+ Rap™ubx [Z.,,N]=0. (123)

This produces®

1

6Rp,upuN2

Qp.l/(x) = <p,u,puN+

1
+ <Zolt, - 3RO:/> pap,uNz

+R°;€pap@N2> +0 (VY. (124)

The momentum integrals can already be taken. In prin-
ciple, for an expression (X) (X being a multiplicative
operator) the proper procedure would be to take matrix
elements (z|X|0), and then proceed to carry out the in-
tegration over the d constants p4. In the present case,
all the p-dependence is contained in blocks of the type
(Puy -+ " Pus, N™), where all quantities commute among
them (all p have been put together in each term). Thus

19 Terms with four p cancel among them. It is not obvious to
me whether this is just accidental or to be expected a priori.
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in this case we can equivalently carry out the momentum
integration in each block using

1 d%pa
s [\/ n = .« Nn
<pll1 Py, >p \/g(g) (IE) / (2’/T)d Puy DPuo,.

= 1 ddp'u P n
V(@) / (2m)t P Puar N
(125)

In addition, we can introduce the multiplicative operator
Q),, such that

Qs (@) = (219,,10) . (126)
Using these definitions, we obtain
R 1
Q;J,l/ = <pHpVN>p + 6R <p:upl’N2>p
1
+ (Zo; - SROL> <pap,uN2>p + RO;LBV <pozpﬁN2>p
+0O (V). (127)

As shown in Appendix C the momentum integrals can
be computed to yield formally the same result as in flat
space-time, except that the flat metric is replaced by the
metric tensor at z. It is often convenient to apply first an-
gular averages, namely,

(pupvf(0*)), = <—I§9;wf (p2)>p ;

or more generally

(128)

(—p?)"
p#l pP«Qn = d(d+2)(d+2n_2)g,u1,u2nv (129)

where g,,...u5,, is the completely symmetric sum of n-
products of metrics ((2n — 1)!! terms).
The angular average yields

Q;u/ = (:;g,uu <p2N>p
1/1 2 S 4
- (6gWR+3RW+ZW) (p°N >p+0(v ) -
(130)

Finally, the standard formulas of dimensional integration
apply,

(m2)4/2r=n (d/2+7) [(n—d/2—7)

((P*)'N"™), = (4m)d2  I(d)2) r'tn)
(131)
and so
~ md
Q:u/ = (47T)d/2 F(l o d/2)
1 1 /1 1 1

8 [dg’“' - m? (129MVR+ o Ruw+ 2%)}
+0 (V). (132)
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This result is manifestly covariant, and formally indepen-
dent of the domain and range of Q,,,,, as Q,,,, itselfin (113).
To fully fix the matrix element it remains to specify the
internal and world structures of the states (x,a,w| and
|0,b,w').

7 Concluding remarks

From the computational point of view, our main result
is contained in (90) and (66) (for a general connection),
and (111) and (112) for the Riemannian connection. With
such building blocks, and with the help of the represen-
tation (homomorphism) property, one can construct the
covariant symbol of other operators f(V,M). This has
been illustrated with an explicit computation in Sect. 6. It
clearly would be interesting to extend the present results to
higher orders and to include torsion more systematically.
See e.g. [54,55] for relations between torsion and chirality.
For references motivating the study of quantum field the-
ory in curved space-time with torsion see [56—58].
Regarding the concrete expressions obtained, we ob-
serve that they are rather natural, involving local covariant
operators, similar to the heat kernel coefficients.?° How-
ever, we warn that the presence of Z,,,, (or other operators
in C(Z)) is unusual as compared to other treatments. In
those treatments [16], if one needs to apply, say, the heat
kernel operator on a state with world indices (e.g., the
gluon field, G,,), a first step is to transform the world in-
dex into an internal one using a tetrad field, G, = et G,,.
The new field GG, is a coordinate scalar so one can apply
the heat kernel expressions for scalars. The world structure
of the field is now in the internal sector through the cor-
responding connection for the tetrad index. In this way the
result depends on an F),, () which includes the strength
tensor from the original gauge structure plus that of the
new internal structure. The idea is to assimilate coordi-
nate covariance as much as possible to the gauge case,
where F),, () is a matrix-valued function. Our own repre-
sentation is different since the expressions obtained in the
present work hold regardless of the world tensor structure
of the states, without transforming them into scalars. This
works thanks to the action of Z,,, . ,,, which are not just
matrix-valued fields: from the gauge point of view, while
F,, is the same matrix-valued function in, e.g. F,, Bq|)
and in BoF.| ), Z,,, would be a “different” matrix-valued
function in each case, since it acts on any world index at
its right. Of course, nothing prevents us to reduce our for-
mulas to reproduce the abovementioned more usual point

20 14 is noteworthy that actually not all such operators are
present and thus selection rules are at work. For instance, terms
of the form MssRss (35)4 do not appear in M. Technically,
the reason for the non-existence of such terms is that M does
not involve py (cf. (78)). Then, using only 9* and derivatives
of M, the Z, the Riemann tensor and the torsion, there is no
way to contract all indices. The presence of p, would permit
[0”,pu] = d},, and hence the Ricci tensor to appear. This is an
alternative proof of (90).
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of view. To do so, once the state has been transformed into
a world scalar, one only needs to move all Z,,,, to the right
using commutators, and then set the world part of Z,,,, to
zero (since it is acting on a world scalar). Nevertheless, in
our view, it is more natural to work with the original fields
rather than transforming them into scalars by means of an
ad hoc new internal structure.

With respect to applications of the method exposed,
it naturally applies to one-loop computations in curved
space-time. A first application would be to compute the
heat kernel, not using the standard Seeley—DeWitt ex-
pansion, which orders operators by their dimension, but
the covariant derivative expansion. Explicit calculations
along this line exist only for the minimal case (i.e., Klein—
Gordon theories with a trivial gauge sector) [27,53]. The
non-minimal, but flat space-time, calculation of [19] can
be extended to the curved case, and results for traced and
untraced coefficients will be presented elsewhere. Further
applications refer to the effective action of Klein—-Gordon
and Dirac theories in curved space-time. Again results ob-
tained by the covariant symbol method exist for these two
cases, for flat space-time and quite general non-Abelian
backgrounds [48, 50]. These computations correctly repro-
duce the Wess—Zumino—Witten action [59,60] as well as
the associated anomalies in the abnormal parity sector of
the fermion case. For Dirac fermions in curved space-time
there are many interesting results concerning chiral, co-
ordinate and frame anomalies [51,61-64], but results are
much more scarce for the effective action itself. We expect
that all the anomalies will be obtained as a byproduct of
the effective action computation.

Mathematically, the covariant symbol is a quite inter-
esting and challenging quantity, since it implies the con-
struction of a true representation of pseudodifferential op-
erators in terms of purely multiplicative operators (in the
original = space). It would be very nice to have any rigor-
ous result concerning such quantities and in particular to
obtain the exact covariant symbol in particular cases. The
fact that the covariant symbol can be computed systemati-
cally within concrete (presumably asymptotic) expansions
suggests that this quantity can be given a rigorous and
proper mathematical definition.

Acknowledgements. This work was supported by DGI, FEDER,
UE and Junta de Andalucia funds (FIS2005-00810, HPRN-CT-
2002-00311, FQM225).

Appendix A: Notational conventions

In this appendix we summarize the non-standard nota-
tional conventions used in the main text.

Derivative convention. For a quantity X; having an
ordered set of world indices I, X,; denotes its covariant
derivat%ve [V, X1]. For example,.RJ o5 =V, Rl
Exceptions are Z,,, y...u, , defined in (91) so that they are
multiplicative operators with respect to x, and the tensors

Py pg--pns defined in (64).
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Note that on states (wavefunctions) the action of
V., is expressed as V1 while on operators it acts ad-
jointly, [V, X]. Occasionally will write simply V,X if
X eC(V,Z,1),e8.VoR, 2501 V,t5.

Momentum convention. The momentum p, is
purely imaginary, p, = ik, (k, real). However, ddp is just
the standard real measure d"k and p? := —g"p,p, =
g"k,k, the standard real norm (positive for Euclidean
signature).

s index convention. s indicates a symmetrized world
index. So we will use the notation

Agpuss(0°)? (A.1)

to mean

Appup0°0P07 . (A.2)
There is no ambiguity since the 9* commute.?! In Sect. 5
we use a similar convention for the index S, which refers to
the labels of the type A, B, etc.

Riemann tensor convention. For a gauge singlet
and world vector wavefunction

Vi, VI VA =+R, ) VT =T, V,V?; (A.3)
the Ricci tensor and the scalar curvature are
Ruw =Ry, Ri=g"Ru. (A.4)

Appendix B: Computation of Q,,,, ()
using the method of symbols

In this appendix we will illustrate the method of (ordinary)
symbols with the same operator Q,,,, considered in Sect. 6.
(We will use definitions introduced in that section.) Equa-
tion (42) implies

d
Q)= / 4 DA (110, (V 4+ p, M)[0)

T Ve©@) ) (em)d

=<(Vu+pu)m2_( !

Va+pa)(Ve+p%)

X (Vz/ +pv)>' (Bl)

Carrying out an expansion in powers of V, through sec-
ond order yields

Qv (z) = <pppyN +pﬂN<A +{Va, pP}N{V5,p°} )pr
+puN {Va,p*} NV, + VN {Vq,p"} Np,
+VLNY, )+ 0 (V). (B.2)

21 Note that in an expression like BaZa,gM@B the indices «
and @ are not symmetrized (Z and 0 do not commute). The
expression differs from 9” Zp,0%, and hence it would not be

faithfully represented by 0° Zss.,0°.
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The next step is to move all V to (say) the right (it is essen-
tial not to split the covariant derivative into non-covariant
pieces). The move is obtained by applying the rules

(Vs Payan] =Puatean s [V N =2p"puaN?, (B.3)

this gives

Quu(z) = <pupVN + Pup e N + 2D, N? + 29" P o N
+2p,pup*p s N® + 2p,pup® s N
+4p,p°P’Pasy N® +4p,p° 0P puasN®
+8pupu PP’ Papy N* + NV, V,,
+pupy N?VV , +2p,p*N?*V,V,

+ 2p,,paN2VMVa + 4pup,,p°‘p5N3Van

+ 39 further terms > +0 (V). (B.4)

The “39 further terms” not made explicit contain a factor
Dag- For the Riemannian connection they vanish by choos-
ing normal coordinates centered at z. (Of course, the rule
Dap = 0 can only be applied after all covariant derivatives
have been put aside.)

The derivatives of p, are easily obtained recalling that
Pa = t4pa; thus

Pusoopin =t PA=t0 o thDa- (B.5)
In particular, using (96) one obtains
Loox A
pa#” = 3 (R Hro +Ruua)p/\ . (B6)
Substitution in the expression above gives
2 o nT2 1 o nT2
Q;w(x) = <ppva_ 3R;za Pup N+ 3Rya bup N
2 2
+ 3 Ruavs PP N? = S Rap pupup”p N?

+ NV, V., +pp, N?VV 4 +2p,p*N?V,V,
+2p,p* N2V Vo + 4pupp°p° N 3Van>
+0O (VY. (B.7)

Prior to momentum integration, this expression is not
manifestly covariant since there are still V not derivating
anything nor in the form of Z,,, ...,,,, that is, the expression
in brackets is not a multiplicative operator. It is often not
necessary to completely carry out the momentum integra-
tion to achieve manifest gauge covariance [17,65]. Taking
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an angular average, as explained in Sect. 6, gives

B 2 (p2)2
3d(d+2)

1 p?

_ 2
3 d RuwN

p2 3
Q;W(x) = <_ d g;wN g;wRN

4 (p?)?
3d(d+2)
2

p
Y

RuwN3+NV,V,

p2

N?V,V, - J

g,“,N2VaVa

(»*)?
d(d+2)

2) 3o 4
G NPVOVL) 40 (V4

N3V, V,

(B.8)

d/2 -1
= /24T n>1

(B.9)

(@) IN"h)

to eliminate higher powers of N, gives already a covariant
result:

2
p 1
Quu () = <_ g 9N = 19

- ;N[VWVU]>+(’)(V4) .

1
g RN — 3R,LVN

(B.10)

Upon momentum integration this coincides with (132) ob-
tained in Sect. 6 using the method of covariant symbols.

Appendix C: Momentum integrals

Here we want to show that momentum integrals like (125)
give formally the same result as in flat space-time. Rather
than considering the most general case, it will be sufficient
to treat a sample integral. We consider

1 d% )
L= ¢9/<2w)d kb f (K) . (C.1)

Here k,, are real (p, := ik,, d%p:=d?k; cf. Appendix A)
and k% = g*Pk,kpg.

Introducing an orthonormal tetrad, 2, as well as a new
momentum variable, qq,

a

€q

eg =03, Jop = nabe‘;e% , ko =€2q., (C.2)

we obtain

g=|det gas| = |dete?|?, ddk:|deteZ|ddq:\/gddq,
K =" g =, (C.3)
S0

(C.4)

a b
1, =1y e,e,,

849
with
ddq
Iy = / (27T)d Ga Qbf(q2) = NabI , (05)
and finally
I, =gul, (C.6)
with I computed as in flat space-time
ddq 1
I= [ i g1, ()
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